This paper presents models for predicting residual tensile strength after fatigue in unidirectional brittle fiber-reinforced ceramic composites. First, the subcritical crack growth law was employed to predict residual strength of fiber. Next, two models were proposed for residual strength of a composite. The first model, Model I, is established based on Curtin's probabilistic model that describes the relationship between strengths of the fiber and the composite. In the second model, Model II, the composite strength is directly derived from the survival probability of fiber. Thirdly, the relationship between lives of the fiber and the composite was investigated. Finally, a case study was conducted for a ceramic matrix composite (CMC) to obtain the residual strength of the CMC after static fatigue loading. It was proven that the life and the initial strength of the fiber and the composite depend on the shape parameter of fiber strength and the fiber/matrix interfacial shear stress. In contrast, the residual strength ratio of the composite was found to be almost independent of these two parameters.
Introduction
As fiber-reinforced composites have been increasingly applied to structures in many industrial fields, long-term structural reliability has become a critical issue. Especially, it is essential to predict the degree of strength degradation after fatigue loading, as well as to predict a fatigue life, in a composite structure. Residual strength of the composite after fatigue loading is predicted by combination of a model for residual strength of fiber, with a model for relationship between strengths of the fiber and the composite. However, as far as the authors know, such modeling has not been performed thus far.
Since stress in the fiber is considerably higher than that in the matrix for a unidirectional fiber-reinforced composite, composite strength is dominated by fiber strength. A lot of work (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) has been conducted on the relationship between fiber strength and composite strength. The theories of the strength of fibrous composites to date are based on two conflicting concepts. One is local load sharing (LLS) and another is global load sharing (GLS). Curtin and coworkers (5) (6) (7) (8) (9) (10) (11) proposed theoretical models based on the above two concepts, considering the probabilistic characteristics of fiber strength and the fiber/matrix interfacial shear stress. The composite strength predicted using their models is in good agreement with experiment results. In contrast, residual strength of brittle fiber after fatigue can be estimated based on the subcritical crack growth (SCG) model, where the residual strength is expressed as a function of the number of cycles and applied stress.
This paper presents probabilistic models for predicting residual tensile strength after fatigue in unidirectional brittle fiber-reinforced ceramic composites. First, residual strength as well as a fatigue life of fiber was obtained using the SCG law. Next, two models were proposed to predict residual strength of a composite. The first model, Model I, is established based on the Curtin's probabilistic model that describes the relationship between the fiber strength and the composite strength. In the second model, Model II, the composite strength is directly derived from the survival probability of fiber. In addition, the relationship between lives of the fiber and the composite was investigated for Model I. Finally, a case study was performed for a ceramic matrix composite (CMC) to obtain the residual strength of the CMC after static fatigue loading. Predictions were compared with experiment results only for initial composite strength and time to failure (or stress rupture time) of the fiber because experimental data for residual strength of the fiber and the composite were not found. Instead, effects of the shape parameter of fiber strength and the interfacial shear stress on the fatigue life and residual strength of the CMC were analyzed.
Modeling

Residual strength of fiber
The SCG behavior of a single crack in a fiber subjected to cyclic stress
(maximum stress f max σ ， period τ ) is presented here. The stress intensity
where Y is a constant depending on the size and geometry of the crack. The SCG law gives the relationship between the crack propagation rate t a d / d and
where A and n are material constants and IC K denotes fracture toughness of the fiber. Integrating Eq. (2) using Eq. (1) from
) and summing the N (the number of cycles) integrals, we obtain 
Substitution of Eq. (5) into Eq. (3) yields
with
Fatigue fracture occurs when applied stress equals residual strength. Thus, putting 
Tensile strength of a composite
When the strength of fiber (length L ) obeys Weibull distribution, cumulative failure probability is given by
where m denotes a shape parameter, S L the reference length, and 
Average strength of fiber is expressed using the scale parameter S σ for length S L from Eq. (10) as 
Hence, composite strength is expressed using the average strength of fiber with the reference length. When m is infinite, Eq. (15) becomes
. Therefore, the deterministic strength is
Residual strength of a composite
Here we propose two models for predicting residual strength of a composite after fatigue. In Model I, the concept in the previous section is extended to residual strength. In Model II, residual strength is obtained from the survival probability of fiber.
Model I
It is assumed that the relationship between residual strength of the composite and average residual strength of the fiber after fatigue is expressed by the same form as Eq. (14) . When the average strength of the fiber is reduced to f R σ after fatigue loading, the residual strength of the composite is expressed as
(16)
Since the maximum stress applied to the composite, c max σ , is approximated by
(17) is rewritten using Eq. (14) as
Equation (18) denotes the residual strength of the composite for a given maximum stress in the composite, c max σ , and the number of cycles, N .
Model II
The number of cycles to failure of the fiber, subjected to fatigue loading with maximum stress 
The existing probability of initial cracks with the number of cycles to failure less than Eq. (8) is equal to that with static strength smaller than applied stress given by Eq. (19). This stress is called equivalent static stress in fatigue loading (12, 13) . Fracture and survival probabilities are obtained by substituting the equivalent static stress into applied stress. Now the survival probability of fiber (length S L ) after fatigue (the number of cycles N ) is given by
The residual strength equals 
Note that this model gives 
Case study and discussion
Nicalon/LASII is used for a case study. The material properties summarized from literature are presented in Table 1 . Strength properties of the fiber and the composite are given in Ref. (6) while the parameters associated with SCG behavior of the fiber are given in Ref. (14) . Figure 1 presents the initial strength of the composite using Eq. (14) for two values of the interfacial shear stress i Fig. 2 Comparison of time to failure of the fiber vs. applied stress in the fiber between experiment results (Ref. (14)) and calculations. increases slightly for the stress ranging from 100 to 300 MPa, and then decreases for the stress larger than 300 MPa. The life ratio is smaller than unity for the stress higher than 552 MPa. In contrast, the life ratio for 20 = m decreases monotonically with stress and becomes smaller than unity for the stress higher than 174 MPa. Next, the case of 3 i = τ MPa (solid curves) is considered. The life ratio for 5 = m increases monotonically with stress and is kept to be larger than unity. The life ratio for 20 = m decreases monotonically with stress and becomes smaller than unity for the stress higher than 260 MPa. In order to explain the above behavior of life ratio, the critical applied stress c cr σ (Eq. (24)) is plotted against m in Fig. 5 and is also presented in Table 2 . The critical applied stress decrease with increasing m . For the three cases except for the case of σ is 829 MPa. Then, the fatigue life is always larger than unity. In this case, the fiber life is short because the average fiber strength is low due to small m . In addition, the composite life is long since the composite strength is high because of high i τ . Consequently, c F t is always longer than f F t . Figure 6 demonstrates the residual strength ratio of the composite after static fatigue, calculated using Models I and II. In Model I, the residual strength ratio abruptly decreases when loading time approaches the life c F t corresponding to applied stress c con σ . However, the residual strength does not reach zero even when the loading time exceeds c F t . Therefore, it is concluded that Model I is inappropriate for predicting residual strength after long loading time. Besides, it is found that effect of m on residual strength ratio is limited for 20 < m . In Model II, the residual strength becomes almost zero when loading time approaches c F t , in contrast to in Model I. However, the residual strength is maintained to be approximately constant for the loading time lower than c F t . Furthermore, the initial residual strength is lower than the initial strength, especially for the case of 5 = m . Accordingly, it is proven that Model II is unsuitable for predicting the residual strength after short loading time. In addition, the effect of m appears more clearly in Model II than in Model I, and the residual strength is maintained for longer loading time. However, Model II does not 
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Conclusions
Probabilistic models for residual strength after fatigue in unidirectional fiber-reinforced composites were proposed. Two models (Models I and II) were established to predict residual strength of a composite while the SCG law was employed to predict residual strength of fiber. Additionally, the relationship between lives of the fiber and the composite was investigated. A case study was performed for a CMC to obtain the residual strength after static fatigue loading. The effects of shape parameter of fiber strength and interfacial shear stress on residual strength are analyzed. It was proven that the life and the initial strength of the fiber and the composite depend on the shape parameter and the fiber/matrix interfacial shear stress. In contrast, the residual strength ratio of the composite was found to be almost independent of these two parameters.
Appendix. Probabilistic strength model
We consider a single fiber with length L broken into N fragments due to applied stress T . Curtin and Zhou (8) assumed that the distribution of fragment length is random, and that fiber strength obeys Weibull distribution expressed by Eq. (10) . When the yield strength in matrix is negligibly small compared with T , the composite stress is expressed as Iyenger and Curtin (9) derived a constitutive relation for fiber-reinforced composites subjected to variable loading depending on time, considering SCG of fiber. This relation has the same form as Eq. (A1), from which time to failure is derived.
